Now suppose that w ∈ S is such that for any u ∈ supp(f ) and v ∈ supp(g) with u + v < w, f (u)Rg(v) = 0. We will show that f (u)Rg(v) = 0 for any u ∈ supp(f ) and v ∈ supp(g) with u + v = w. We write X w (f, g) = {(u, v) | u + v = w, u ∈ supp(f ), v ∈ supp(g)} as {(u i , v i ) | i = 1, 2, . . . , n} such that u 1 < u 2 < · · · < u n .
Since S is cancellative, u 1 = u 2 and u 1 + v 1 = u 2 + v 2 = w imply v 1 = v 2 . Since ≤ is a strict order, u 1 < u 2 and u 1 + v 1 = u 2 + v 2 = w imply v 2 < v 1 . Thus we have v n < · · · < v 2 < v 1 . Now, for any r ∈ R, 0 = (f c r g)(w) = (u,v)∈Xw(f,crg)
For any i ≥ 2, u 1 + v i < u i + v i = w, and thus, by induction hypothesis, we have f (u 1 )Rg(v i ) = 0. Since R is reduced, by Lemma 2.2 this implies g(v i )Rf (u 1 ) = 0. Hence, multiplying (1) on the right by f (u 1 )g(v 1 ), we obtain
Multiplying f (u 2 )g(v 2 ) on (2) from the right-hand side, we obtain f (u 2 )rg(v 2 ) = 0 by the same way as the above. Continuing this process, we can prove f (u i )rg(v i ) = 0 for any r ∈ R, for i = 1, 2, . . . , n. Thus f (u)Rg(v) = 0 for any u ∈ supp(f ) and v ∈ supp(g) with u + v = w.
Therefore, by transfinite induction, f (u)Rg(v) = 0 for any u ∈ supp(f ) and v ∈ supp(g).
Corollary 2.5. [24, Lemma 3.1] Let S be a torsion-free and cancellative monoid, ≤ a strict order on S, and R a reduced ring. Then R is S-Armendariz.
Proposition 2.6. Let S be a torsion-free and cancellative monoid, ≤ a strict order on S.
If R is reduced semicommutative ring, then R is S-Armendariz if and only if R is S-quasiArmendariz.
Proof. Apply Lemma 2.3 and Proposition 2.4.
Proposition 2.7. Let (S, ≤) be a strictly ordered monoid. Then every S-Armendariz rings are S-quasi-Armendariz.
An ideal I of R is said to be right s-unital if, for each a ∈ I there exists an element e ∈ I such that ae = a. Note that if I and J are right s-unital ideals, then so is I ∩ J (if a ∈ I ∩ J, then a ∈ aIJ ⊆ a(I ∩ J)).
The following result follows from Tominaga [11, Theorem 1] .
Lemma 2.8. An ideal I of a ring R is left (resp. right) s-unital if and only if for any finitely many elements a 1 , a 2 , . . . , a n ∈ I, there exists an element e ∈ I such that a i = ea i (resp. a i = a i e) for each i = 1, 2, . . . , n.
Clark defined quasi-Baer rings in [22] . A ring R is called quasi-Baer if the left annihilator of every left ideal of R is generated by an idempotent. Note that this definition is left-right symmetric. Some results of a quasi-Baer ring can be found in [16] and [22] and used them to characterize when a finite dimensional algebra with unity over an algebraically closed field is isomorphic to a twisted matrix units semigroup algebra. - [10] ) and [27] . A ring R is called a right (resp., left) P P -ring if every principal right (resp., left) ideal is projective (equivalently, if the right (resp., left) annihilator of an element of R is generated (as a right (resp., left) ideal) by an idempotent of R). A ring R is called a P P -ring (also called a Rickart ring [3, p. 18]) if it is both right and left P P. We say a ring R is a left AP P -ring if the left annihilator l R (Ra) is right s-unital as an ideal of R for any element a ∈ R. This concept is a common generalization of left p.q.-Baer rings and right P P -rings Proposition 2.9. Let (S, ≤) a strictly totally ordered monoid. If R is left AP P -ring, then R is S-quasi-Armendariz.
We use the transfinite induction
So f (u 0 )Rg(v 0 ) = 0. Now, let λ ∈ S with u 0 + v 0 ≤ λ and assume that for any u ∈ supp(f ) and any v ∈ supp(g), if u + v < λ, then f (u)Rg(v) = 0. We claim that f (u)Rg(v) = 0, for each u ∈ supp(f ) and each v ∈ supp(g) with u + v = λ. For convenience, we write
where n is a positive integer (Note that if u 1 = u 2 , then from u 1 + v 1 = u 2 + v 2 we have
for any r ∈ R we have:
Let e u 1 ∈ r R (f (u 1 )R). So f (u 1 )Re u 1 = 0 and which implies f (u 1 )Re u 1 g(v 1 ) = 0. Let r ∈ R be an arbitrary element. Then we have f (u 1 )r e u 1 g(v 1 ) = 0. Take r = r e u 1 in Eq. (3). Thus,
So by compatibility and induction hypothesis,
Since R is right AP P, r R (f (u 1 )R) is left s-unital. So without lose of generality and using Lemma 2.8, we can assume that g(v i ) = e u 1 g(v i ), for each i ≥ 2.
Let e u 2 ∈ r R (f (u 2 )R). So f (u 2 )Re u 2 = 0 and then f (u 2 )Re u 2 g(v 2 ) = 0. This implies
Let p ∈ R be an arbitrary element. So f (u 2 )pe u 2 g(v 2 ) = 0. Also note that u 2 +v i < u i +v i = λ for any i ≥ 3. So by induction hypothesis,
for each i ≥ 3. Since r R (f (u 2 )R) is left s-unital, without lose of generality and using Lemma 2.8, again we can assume that g(v i ) = e u 2 g(v i ), for each i ≥ 3. Take r = pe u 2 in Eq. (4), so we have:
Continuing in this manner, we have f (u n )qg(v n ) = 0, where q is an arbitrary element of R.
0. Therefore, by transfinite induction, f (u)Rg(v) = 0 for any u, v ∈ S, and the proof is complete.
Corollary 2.10. Let (S, ≤) a strictly totally ordered monoid. If I is a finitely generated left ideal of R then for all a ∈ l R (I), a ∈ al R (I). So R is S-quasi-Armendariz.
Proposition 2.24. Let R i be a ring, (S, ≤) a strictly totally ordered monoid, for each i in a finite index set I. If R i is S-quasi-Armendariz for each i, then R = i∈I R i is S-quasiArmendariz.
Proof. Let R = i∈I R i be the direct product of rings (R i ) i∈I and R i is S-quasi-Armendariz
, any r ∈ R and any s ∈ S,
Since (f c r g)(s) = 0 we have
Thus, f i h i g i = 0. Now it follows f i (u)r i g i (v) = 0 for any r ∈ R, any u, v ∈ S and any i ∈ I, since R i is S-quasi-Armendariz. Hence, for any u, v ∈ S,
since I is finite. Thus, f (u)Rg(v) = 0. This means that R is S-quasi-Armendariz.
Characterizations generalized power series quasi-Armendariz rings via annihilators
In this section we give a lattice structure to the right (left) annihilators of a ring and characterize S-quasi-Armendariz rings as those rings R for which an analogue of the Hirano Let γ = C(f ) be the content of f, i.e., C(f ) = {f (u)|u ∈ supp(f )} ⊆ R. Since, R c R we can identify, the content of f with
v j ∈ supp(g). Hence, R is a generalized power series quasi-Armendariz ring. The proof of (1)⇔(3) is similar to the proof of (1)⇔(2). (1) r R (a)R) is pure as a right ideal in R for any element a ∈ R;
In this case R is an S-quasi-Armendariz ring.
Proof. Assume that the condition (1) holds. Firstly, by using the same method of the proof of Proposition 2.9 we can proved that R is an S-quasi-Armendariz. Finally, by using Lemma 2.8 we can see that the condition (2) holds.
Conversely, suppose that the condition (2) holds. Let a be an element of R. Then Let R be a quasi-Baer ring and let a ∈ R. Then l R (Ra) = Re for some idempotent e ∈ R, and so R/l R (Ra) ∼ = R(1−e) is projective. Therefore a quasi-Baer ring satisfies the hypothesis of Theorem 3.4. Hence we have the following: 
